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.

Definition { Construction Of Spectral Networks
mm

Data for a ( WKB ) spectral network

Is a branched cover

E : E→c EcT*C

with at least one puncture on C

where t has a pole

DEI A WKB Come of phased and type ij

is a solution to

< da A
;

- I ;) = Eid
in some

open
nbd on C for some pair

of sheets is in a trivialization of the

branched Cover in that neighborhood.

Remote :

a.
This defines a foliation of C

ao•Note the constant please condition

means that
/ ftp.j/=f1di-Xjl so is a

length . minimizing condition



Behauiornearasimplebranehpointoftyplijgi
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fjcdihj )~§z3k= eidt
teR+

Notes Therefore as D increases the

WKB Curves rotate CCW
.



Behavior near a

regularsingulmpointx.(@
Behavior near an inegularsingubrpoiut

¥•#
These

singular points serve as

Attractors fmthe flow
.

so we

Can start the flows at branch points
and then just evolve the differential

equation smoothly ,
even though the



is no global trivialization of the

Cover I : End C

To evolve we need a rule for

when curves collide

*
"

n :*?

¥XtY E:c:3 .

o%fd.xijgen.me *
.



Now can evolve with cut off

Kila n→ .

This produces movies see :

a Andy Neitzke homepage

http://web.ma.utexas.edu/users/neitzKe/
Scroll down to Mathematic a files and click

on The Notebook for polo Hing spectral
networks

• LOOM - By Pietro Longhi lq Chan Park :

http://het - math 2
. physics . rutgers

.edu/loom/

The result is a graph Waac
with

segments
labeled by an orientation

and pain of sheets
.



Remakg: Physical Interpretation .

We mentioned above the zoo of BPS

states - among
them are the salitms on

the 1+1 D Salim defects $z
,

ZEC
.

Recall they
have Images

.

Vire Pyz,z ) ¥23*zcii

N±2 central changes :
=

- fin
ij

One can show that for phase Eid

Wo= { z I % has solitms of phase 0 }

In fact
,

near a simple branch point

b of type Cij ) we have



Kitekat.

We always
have the

"
simpleton

"
:

• ztl )

€•zn=
¥M

For this charge fedij ) = 1
.

The remaining BPS
deg enemies then

follow from wall -

crossing .



In general µPij ) will
"

counts with

signs
the number of saliton paths

with homology class Oij



2
.

Interfaces § Formal Parallel Transport
an mm

We also recall that we had the

notion of an
interface TCP ) between

two 2D defects $z
,

ad $zz .

Here p is a continuous path in C

from Z
,

to Zz
.

( ZDBPS states bound to the interface

are
" framed BPS states

"

and have shapes
'

Ff, Cznz. ) - { [ 1 as =zY
'

'
. zii ' }

÷ +2 T

central charge : Zri ,
= S¥

,

BPS

in[ ( p ,
I

,

. ) : re, ,z . ) → Z



Now
,

to define the formal parallel
transport we first introduce the

homology path algebra :

a E H
,
( E

,
{ began ,

ender } )

a - Xa formal variable

Xa
, Xaz = | ×ai+az if end a

,
= beg az

0 else

Given framed iuvts we could define

the formal parallel transport to be :

ftp.I ) = ESI( o.O ,a)Xa
AETEIFZ )

beglp 1=2
,

end Cp) = Zz



They : =) ! BPS degeneracies

1.) # ( p ,D
,

a ) Fp Yaerzi .az )

2.) µ (a)
'

aercz ,-27 Vze C

such that F@,I ) satisfies :

A.) Homotopy invariance : FCP
, ,I)=FCr,D )

if p ,
~ pz

with fixed endpoints

B.) Homomorphism " FCP
,

,I)F(r,D)=F( Piped )

C
. ) If pnwu =¢

FCRI )= ±z
,

Xp , : -

DIP
)

i

PCK )

¥roe-
D.)Detour Rule .

.

- - - .



on

÷¥÷
nij

Food = Dot  DH+#o*n.ES,×DD* '

=D(p+ ) aT(I+µaiXa ) DCP - )

PI Build up the µ ) and SICDI ,
a )

using these rules starting from the

singletons €
µa ) = 1

T
s
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.

Abelianization
,

Nonabel ionization } True
.

Parallel Transport
.

Abelianization Ts well . known in Higgs bundle

theory :

E → C
, gertkcoendf )

L : = Ker ( at ) cI*E I :E→C

EZE Of Las

Recover bundle from line bundle over

the spectral kume

Now we would like to do the

Converse : Given

I
. ) Branched cover T : [ → C w/

simple brander points

2.) Complex line bundle LTE with

flat GLC,E) connection Tabon L

Construct a flat connection on E=t*( L )
.



The problem with pushing forward Pas

is that there is an obstruction from

monotony of Tits C around

branch points .

The naive definition

2 k

exp §t*7ab ÷[ exp fpab
iai Pci )

won't Work because #* 09 won't

extend over branch points.

Theory : Given ¢,
L

,
Tab ) ANI

a spectral network Wu there is

a complex rank K vector bundle

Ew → C with flat connection TW

such that
-

.
.

.



1.) On C- Wa Ewfw.±+*k)fm
.

2
. ) For all Z

,
,

zz C- C- Wa and

paths on C from z
,

,
zz define

For :=£ ICQI
,

a )Ya
ae MH,zz )

where Yae Hom€L#nG↳D
is

0 on L¥e , kfzi

7- fm¥IetIi¥¥i⇒n
-

Then Fcp ) is the parallel
transport of a flat Connection

.



Key point in the proof is to define

Uni potent transition matrices across

paths in the s

p
petrol network

UP
x

N
"

THE
i+EµaiYa÷ at Vz,z )#

' is

These give coordinates on an open

region of Mq+(C
,

GUK )
,Of )

monodnomy data

@ punctures

MEGLi )
,

{ pen :} ) ± Q* 5

:
W # Msft ( GGHH

,
Q )



In fact #w is holonophic and

Sympteu
Iw*(firsts⇒ = § sans a
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BPS States is Mophisms Of Spectral Net 's

-

For generic A the WKB paths in a

Spectral network begin on
branch point

and terminate at singular points
However

,

for critical values of I

we can have
" finite WKB curves

"
:

III@in h=z

w¥sn←rH=t
'

vik

O

These lift to closed comes on E

and determine homology classes

JEH
, E

,
Z )

.



These finite WKB comes are

associated to BPS states
.

SEH
,
( 521 ) : change

£& : Phase of N=2 central change

SH ) ~

"
counts

" the comes

The
way

the spectral network

changes as I varies through I*

gibes a wall - crossing . formula :

e.g.

g÷•¥- By¥t it
v<d* I >I*



At D* we have
any Zr*÷I*

for 8* e M and one can show

Yw+HD=4m#. Day )

where 11 transport
wrt kpotabj

is computed by

KmYa=tIy⇐!aEYr

.

)*TY
a

( Note sign .
Her Ynyri.tn#.yr.+n )

The parallel transportitselfas

SICRADYA

is unchanged ⇒ wall . crossing of

the framed BPS states
.



5. Comments § Applications
Mumme

1.) In the construction of HK metrics

on Hitchin moduli space
the Yy

become functions of

( web
,

8er@R1z.s )

and salsify an integral equation
( formally analogous to the TBA ?

hohcb

2.) T = dtut

:
- dttgt Aisa

* (5dtyt - - -)#= o

for flat sections / parallel transport
:

. §~£ and S→o asymptotic
Are closely related to WKB analysis .

The Yy have good S→o asymptotic

The Weave then essentially Stokes ' lines
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.
) In the 4- dimensional Theory we

mentioned line defeats Lp ,pµ

R - rape of G

P
- path an C

I -

angle
used to construct lihedefeet

Suppose Los ,p,o woops
Qin M "2xS±

and sits at a point in spacetime .

It is then an operator in the 3D

on model M
"2

- MA

From GD origin of class $ one
argues

Lml ↳ ,•µ1m>=trr(Pe×p¥t )
me  ILH defines a vacuum inthe

3D ← model and corresponds to

flat connection A for generic Complex

structure
.



Then GMN claim :

< Lap ,D=§sI( one
, BY ,

T
4D framed

Bps degeneracy
This leads to two further considerations

1.) F quantum generalization,
and this

formula gives an elegant way
to derive

the KSWCF
.

2.) One can also Conte < L )
in Complex ified FN coordinates and the

Comparison #quite interesting .


